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STABILITY AND PATHS IN 
In [2] Berge asked: In a digraph, does there exist an optimal coloring and a path meeting 
each color class exactly once? We give a negative answer to this question when the chromatic 
number is 35. He also asked: Does every directed graph G have a maximum stable set (with 
(S( = cw(G), the stability number of the digraph) and a partition of vertex-set into paths 
Fl, I429 * - - 9 Pa(G) such that ipi n Sl = 1 for all i? We give here a negative answer to this 
question. 
1. Introduction; definitions and notations 
Definitions ard notations are classical. See [l] for instance. In [2], Berge asked 
whether every directed graph has an optimal coloring and a path meeting ea;h 
color exactly once. He proved this for perfect graphs, symmetric graphs rind 
graphs with chromatic number 3. 
We show here that the answer is negative for graphs with chromatic number z=S 
and we suggest some new problems. Also he asked the following questicn: In 
every l-graph, does there exist a maximum stable set S (a set with ISl= cu(G), the 
stability number of the digraph) -and a partition of the vertex-set into paths 
h !42s l l l 9 h(G) such that Ipi n S] = I for all i? We give here an example where 
the answer $s negative. 
2. The exmples 
(a) Example of the first problem 
It is not difficult to see that there is a unique optimal coloring in Ti colors (as 
indicated on Fig. 1) and that every path of length 5 (hence conta,ining either 
(a, b, c) or (a’, b’, c’)) meets the same color twice. (By adding !/tew vertices 
connected to all the preceding, we can obtain examples for every value of y with 
ya5). 
Further questions 
Probkm 1. Does the same property hold true for graphs with chromatic number 4? 
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all arcs going from C1 to C2 except (d,d'I 
Fig. 1. 
(/I) Example of the second problem 
Consider a collection of ten antidirected cycles of length five (by antidirected 
cycle of length five, we mean a cycle of length five directed in such a way that 
there exists a unique path of length 3) and let Ci = (ai, bi, ci, dip ei), 1 s i c 10 be 
these antidirected cycles. For each cycle we will choose an orientation such that 
(ai, bi, ci), 1~ i s 10, is the unique path of length 3. Furthermore, we add all 
directed edges with initial vertex on the Ci’S, 1~ i < 5 and terminal vertex on the 
Cis 6 <j =Z 10, except for the edges (aI, a,), (a,, c,), 6 G I G 10. 
It is easy to check that there is a unique maximum independent set S with 
1st = a(G) = 11 that is the set of vertices {a,, a(+ cg, a7, c7, ag, cg, ag, cg, alo, 
clo)- 
Now, we prove that there is no partition of V(G) into 11 paths meeting S only 
once. Suppose the contrary. The paths of such a partition cannot contain the 
subpaths (ai, bi, Ci), 6 - i < c 10, otherwise these paths would intersect S twice and 
so the partition must contain at most 5 paths of length at most 5 (containing 
(ai, bi, Ci), 1 s i s 5), the remaining paths being of length at most 4. Hence the 
partition can cover at most 5 x 5 +6x 4 = 49 vertices, while the graph has 
5 X 10 = 50 vertices. 
Please note that in every graph there exists a maximal (for inclusion) stable set 
S’ and a partition of the vertex-set into paths ccl, ,u2, . . . , pk such that 
lpi fl S’l = 1, 1 G i < k. This is a trivial consequence of Theorem 11, Corollary 3 
in [l], see also [2j. 
We are pleased to thank Professors Berge, Duchet and Hamidoune for their 
helpful comments on this paper. 
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